The quantum optomechanical system serves as an interface for coupling between photons, excitons, and mechanical oscillations. We use the quantum Langevin approach to study a hybrid optomechanical system that contains a single undoped semiconductor quantum well in a cavity, where one of its mirrors is a thin dielectric membrane having quadratic response to the cavity fields. A decorrelation method is employed to solve for a large number of coupled equations. Transient mean numbers of cavity photons, moving membranes, and excitons that provide dynamical behavior are computed. We obtain the two-boson second-order correlation functions for the cavity field and the membrane oscillator, and their cross correlations that provide nonclassical quantum statistical properties and useful insights into the quadratic optomechanical system.
INTRODUCTION
Recent experiments in cavity quantum electrodynamics (cQED) have explored the interaction of light with atoms as well as semiconductor nanostructures inside a cavity [1] . A single atom-cavity system described by the well-known Jaynes-Cumming model [2] has been a basic theoretical foundation for research toward quantum computation. Recent quantum optomechanical works have been able to couple cavity photons to solid-state mechanical systems containing a large number of atoms [3, 4] . In these systems, there is an optical cavity, with a movable mirror in one end [5, 6] or a micromechanical membrane with mechanical effects caused by light through radiation pressure [7] . So, cavity quantum optomechanics has emerged as a very interesting area for the study of quantum features at the mesoscale, where it is possible to control the quantum state of mechanical oscillators by their coupling to the light field [8] . Recent advances in this area include the realization of quantum-coherent coupling of a mechanical oscillator with an optical cavity [9] , where the coupling rate exceeds both the cavity and mechanical motion decoherence rate and laser cooling of a nanomechanical oscillator to its ground state [10] .
Furthermore, new experimental works open up enormous possibilities in the design of hybrid quantum systems whose elementary building blocks are physically implemented by systems of different nature. In this context, a superconducting flux qubit coherently coupled to a spin ensemble has been reported in Ref. [11] , while interaction between ultracold atoms and mechanical systems has been studied in Ref. [12] , and strong coupling between a Bose-Einstein condensate (BEC) and an optical cavity was experimentally reported in Refs. [13, 14] , where the mechanical system is embodied by quantum photonic waves of the BEC. Recently, the photon blockade effect has been reported in quadratically coupled optomechanical systems [15] .
Here, we study a hybrid system that contains a single undoped semiconductor quantum well (QW) placed inside a cavity with one of its mirrors being a thin dielectric membrane with quadratic response to the cavity fields. Coupled Heisenberg-Langevin equations are obtained, and solutions up to second-order correlation operators have been developed in Section 2. Here, we also present the theory for solving the transient dynamics of the system. Section 3 discusses the results with nonclassical photon statistics of the cavity mode as well as the mechanical oscillation mode. We conclude our results in Section 4.
QUANTUM LANGEVIN FOR OPTOMECHANICS
We consider an optomechanical resonator formed by a micropillar with moveable Bragg reflectors, recently realized experimentally and coupled to an undoped QWĉ placed at the antinode of the resonator. We also have in this setup a thin dielectric membrane at the node of the resonator. The membrane experiences mechanical displacement quadratically b † b 2 when coupled to the cavity photon number hâ †â i. Considering a sample with comparably high mirror quality factor, strong coupling between cavity photons and QW excitons is possible. In addition, we have a monochromatic laser field with frequency ω L applied to drive the cavity. The corresponding Hamiltonian for the scheme is given by ℏ 1,
whereĤ 0 andĤ R are defined by Eqs. (2) and (3) below. In our model,Ĥ 0 contains the free field terms including the JaynesCumming, the optomechanical interaction terms, as well as the driven cavity interaction.Ĥ R includes interactions of the cavity photonsâ, phononsb (due to mechanical motion of the membrane), and QW excitonsĉ with their corresponding reservoirs composed of collections of harmonic oscillators [16] :
whereâ,b, andĉ correspond to field operators for cavity photons, phonons (due to mechanical motion of the membrane), and QW excitons, with frequencies ω c , ω M , and ω exciton , respectively. The fourth term in Eq. (2) describes the exciton-photon coupling with strength g. The fifth term in Eq. (2) describes the quadratic optomechanical coupling with strength g opt between the cavity field and the mechanical motion of the membrane. The last term in Eq. (2) describes the driving process of the cavity field where Ω is the Rabi frequency of the driving field. In the expression forĤ R given by Eq. (3), the first two terms represents the damping of the cavity mode through the radiation reservoir as harmonic oscillator operatorsm k m † k . The third and fourth terms are responsible for damping of the membrane through the harmonic oscillatorsn k and n † k . The fifth and sixth terms give rise to excitonic decay through harmonic oscillatorsf k f † k . In the frame rotating with the driving frequency ω L , the HamiltonianĤ 0 reduces to the following:
where Δ c ω c − ω L and Δ exciton ω exciton − ω L are the corresponding detunings from the driving laser frequency ω L .
In our model Hamiltonian, we have considered low density excitons in the QW, and exciton-exciton Coulomb scattering is negligible. Similarly, the density-dependent relaxation effect as well as many-body effects are negligible in our model Hamiltonian.
The corresponding Heisenberg equations of motion for the operators of different subsystems (exciton, cavity, membrane) are given by Eqs. (5), (7), and (9), whereas the corresponding equations of motion for reservoir operators are given by Eqs. (6), (8) , and (10),
Now the operators for different reservoirs in Eqs. (5), (7), and (9) can be further removed by replacing the solutions of the reservoir operators from Eqs. (6), (8), and (10). For example, Eq. (6) gives the solution
In Eq. (11), the first term represents the free evolution of the reservoir modes, whereas the second term arises from their interaction with the cavity field. The reservoir modesm k t in Eq. (5) can be eliminated by substitutingm k t. We have
whereF a t −i P k g kmk 0e −iω k t is the noise operator for the cavity, which depends on the reservoir variables. Using Markov approximation the term containing the integral is simplified to
where Γ a is the damping constant. So, Eq. (12) becomes
Similarly, we have equations for the exciton and moving membrane, respectively, as
whereF b t andF c t are the noise operators for the moving membrane and exciton, respectively, given by
Similarly, Γ b and Γ c are damping constants for the moving membrane and exciton, respectively, and are given by
A. Quantum Correlations We have obtained the coupled equations involving the mean of the operatorsâ,b,ĉ, their adjoints, and their odd and even products. Since all three thermal reservoirs are big as well as always in thermal equilibrium, we have hF a ti hF b ti hF c ti 0.
Similarly, quantum correlations between any subsystem (cavity, exciton, moving mirror) operators with noise operators of different reservoirs vanish altogether. The details are shown in Appendix A. The following set of equations has been obtained by using the Heisenberg-Langevin approach given in [20] : 
B. Coupled Equations and Decorrelation of HigherOrder Operators
The above set of equations are not closed, constitute higherorder operator products, and need to be solved numerically with approximations. We proceed to decorrelate all the higher-order correlations in the above equations. The above set of equations will then be closed up to second order when we apply the decorrelation method. We proceed to decorrelate the higher-(third-and fourth-)order quantum correlations present in the above equations just like our previous work [21] , which studied the correlation of photon pairs from a double Raman amplifier. This approach corresponds to truncation of higher-order operator products in order to solve for all the second-order correlation functions. A similar kind of approximation has also been used in Ref. [22] to study the dynamics of a two-mode BEC beyond mean field theory:
and hABCDi ≈ hABihCDi hACihBDi hADihBCi:
After applying the decorrelation method, the above set of equations reduced to a closed set of coupled equations given in Appendix B. These equations contain all possible first-order operator averages and second-order correlation functions. The closed set of equations, given in Appendix B, is further solved numerically for the transient dynamics as well as nonclassical photon statistics.
C. Decorrelation of Higher-Order Operator Products
In addition to the mean numbers hâ †â i, hb †b i, and hĉ †ĉ i, we compute the normalized two-boson correlation functions for the cavity field g 
RESULTS AND DISCUSSION
We have studied the temporal evolutions of the mean number of cavity photons hâ †â i, moving membrane hb †b i, and exciton hĉ †ĉ i in the resolved sideband regime where ω M > Γ a , Γ b , and Γ c . Figure 1(a) shows the temporal evolutions of the mean numbers of excitations for the cavity photons hâ †â i, moving membrane hb †b i, and exciton hĉ †ĉ i for several chosen sets of parameters. These numbers' oscillations are more strongly damped for larger decays Γ a , Γ b , Γ c [ Fig. 1(b)]; i.e., all three oscillations show stronger damping with time. Careful inspection reveals that the number of oscillations for the membrane is half the number of oscillations for the photons and excitons. This is due to the quadratic response of the membrane to photonic excitations.
For larger detunings [ Fig. 1(c) ], the amplitudes of the oscillations are reduced, with the presence of suboscillations within an oscillation. When both dampings and detunings are large, both features of damped oscillations and suboscillations are found [ Fig. 1(d) ]. For the larger detuning as well as decay, all three oscillations are strongly damped with time.
The mean number of cavity photon excitations hâ †â i shows asymmetric splitting due to hybrid resonances as g opt is not very small as compared to g. In this regime, the phonon density due to mechanical motion is comparable to the photon density, and hence hybrid resonances dominate over just optomechanical resonances. Furthermore, the mechanical motion of membrane hb †b i also shows asymmetric shape within the oscillations, but without hybrid resonances. As the detuning increases [in Fig. 1(c) ], the mean number of cavity excitations hâ †â i shows more asymmetric splitting due to hybrid resonances, whereas the shape of oscillations for hb †b i becomes more regular and symmetric. We have also studied the temporal dynamics for hâ †â i, hb †b i, and hĉ †ĉ i for a finite thermal phonon number as shown in Fig. 2 for small detuning as well as large detuning. The mean phonon number hb †b i increases with time due to thermal noise (for finiten b th ) even for the strong decay regime of the cavity mode, the exciton mode, as well as the moving membrane mode. So, a finite thermal noise due to phonons increases the mean number of excitations for the dielectric membrane. The second-order correlation functions, namely the selfcorrelation and cross correlation for photonic and membrane vibration modes, i.e., g Fig. 3(a) . Furthermore, for a small value of g opt , cross correlation g 2 ab 0 always follows subPoissonian photon statistics except at some point where it becomes Poissonian. As the optomechanical coupling strength g opt increases, g 
CONCLUSION
We have studied a quadratically coupled optomechanical system containing a single undoped semiconductor QW through the Heisenberg-Langevin approach. We obtained coupled equations up to the second order without any approximation. So, nonlinearity due to optomechanical coupling has been included up to second order. We decorrelate higher-order correlation functions in the coupled equations to get a closed set of equations. This enables the study of temporal dynamics in the hybrid system as well two-boson correlation functions under different regimes of decay rates, cavity detuning, optomechanical coupling strength, and thermal noise of phonons. In the resolved sideband regime, cavity excitation as well as mechanical excitation show hybrid resonances, whereas the semiconductor QW shows symmetric shape within the oscillation. We also looked at the effects due to thermal noise of phonons on the mechanical excitation for different detunings. Furthermore, we analyzed the temporal dynamics of the second-order correlation functions, namely the self-and cross-correlation of the cavity and mechanical modes under different optomechanical coupling strengths. Our study is useful for coherent control of photon statistics as well as photon and phonon correlations in quadratically coupled hybrid optomechanical systems.
APPENDIX A: DETAILED CALCULATIONS
From Eq. (14) we get
whereF a t is the noise operator for the cavity mode and Γ a is the damping constant. Similarly, we have equations for the exciton and moving dielectric membrane as follows:
where the noise operators for the dielectric membrane and exciton are given, respectively, bŷ
Similarly, Γ b and Γ c are damping constants for the membrane and exciton and are respectively defined by 
We have the coupled equations for the single and paired averages of operators in our system Hamiltonian as follows: 
